Abstract. We formulate the generalization of the Legendrian Low conjecture of Natario and Tod (proved by Nemirovski and myself before) to the case of causally simple spacetimes. We prove a weakened version of the corresponding statement.
Preliminaries and some definitions
A spacetime (X, g) is a time oriented Lorentz manifold and points in it are called events. The causal future J + (x) of an event x ∈ X is the set of all points in X that one can reach from x going into the future with less or equal than light speed. The chronological future I + (x) of x ∈ X is the set of all points that one can reach from x going into the future with less than light speed. Causal past J − (x) and chronological past I − (x) are defined similarly. Two Lorentz manifolds (X 1 , g 1 ) and (X 2 , g 2 ) are said to be conformal if there exists a diffeomorphism Φ : X 1 → X 2 and a positive smooth function Ω : X 1 → (0, +∞) such that Ωg 1 = Φ * (g 2 ). Clearly for all x ∈ X 1 , we have that Φ(J ± (x)) = J ± (Φ(x)) and Φ(I ± (x)) = I ± (Φ(x)). So in particular if (X 1 , g 1 ) is causally simple, or strongly causal, or globally hyperbolic, then (X 2 , g 2 ) is respectively causally simple, or strongly causal, or globally hyperbolic Moreover if γ(t) is a null pregeodesic for (X 1 , g 1 ), then f (γ(t)) is a null pregeodesic for (X 2 , g 2 ), see [1, Lemma 9.17] . Such a statement is generally false for timelike and spacelike pregeodesics.
A spacetime is globally hyperbolic if it does not have closed trajectories representing movement with less or equal than light speed and for any two events x, y the intersection J + (x) ∩ J − (y) is compact. (See [2] for the proof that this definition of a globally hyperbolic spacetime is equivalent to the standard one.)
A spacetime (X m+1 , g) is called causally simple if if it does not have closed trajectories representing movement with less or equal than light speed and for every x ∈ X the sets J + (x) and J − (x) are closed. This class of spacetimes is important because it is the best behaved class in the ladder of causality [20] that allows naked singularities.
Results
We start by proving the following Theorem.
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Theorem 2.1. Let (X m+1 , g), m > 1 be a causally simple spacetime and let S 0 = {pt 1 , pt 2 } be the two point space. Let ϕ : S 0 × [0, 1] → X be a continuous map, such that the image of ϕ| S 0 ×0 : S 0 → X is two causally related points and the image of ϕ| S 0 ×1 : S 0 → X is two causally unrelated points. Then there is τ ∈ [0, 1] such that ϕ(pt 1 , τ ) and ϕ(pt 2 , τ ) are located on the same null geodesic.
Implication 2 =⇒ 3 in [12, Theorem 15] says that the statement of Theorem 2.1 is true for all globally hyperbolic spacetimes. As it is explained in [12, Remark 9] , the proof can be generalized to all causally simple spacetimes for which the Lorentz distance function is a finite continuous function. Recent results of Mueller and Sanchez [21] allow us to prove this result for all causally simple spacetimes.
Proof. Let us recall the notion of Lorentzian distance, see [1] . For two points p, q in (X, g) with q ∈ J + (p) put Ω p,q to be the space of all piecewise smooth future directed nonspacelike curves α : 
is globally hyperbolic, the Lorentz distance function on it is a continuous function with values in R, rather than in R ⊔ ∞, see [1, Corollary 4.7] . Thus the Lorentz distance function on X defined by Ψ * (g st ) takes values in R, but it is not necessarily continuous.
Since (X, Ψ * (g st )) is conformal to the causally simple (X, g), it also is causally simple. Clearly the statement of Theorem 2.1 is true for (X, g) if and only if it is true for (X, Ψ * (g st )). Thus it suffices to prove the Theorem for a causally simple (X, g) such that the induced Lorentz distance is a (not necessarily continuous) function with values in R, rather than in R ⊔ ∞.
Put y i = ϕ(pt i , 0) and
We argue by contradiction and assume that there is no τ ∈ [0, 1] such that ϕ(pt 1 , τ ) and ϕ(pt 2 , τ ) are on the same null geodesic. Since y 1 , y 2 ∈ X are causally related, either y 1 ∈ J + (y 2 ) or y 2 ∈ J + (y 1 ). Without loss of generality assume that y 2 ∈ J + (y 1 ). If y 2 ∈ J + (y 1 ) \ I + (y 1 ), then y 1 = ϕ(pt 1 , 0) and y 2 = ϕ(pt 2 , 0) lie on a common null geodesic, see [1, Corollary 4.14] . This contradicts to our assumptions. Hence y 2 ∈ I + (y 1 ) and
Below we show that ϕ(pt 1 , τ ) and ϕ(pt 2 , τ ) belong to the same null geodesic, thus getting a contradiction. Starting from here we pretty much repeat the corresponding part of the proof of implication 2 =⇒ 3 in [12, Theorem 15] .
By [20, Proposition 3 .68] since (X, g) is causally simple, the sets
Define the continuous path
) is compact and (X, g) is causally simple, we conclude that
is closed, and thus
) is closed and it contains the point p 1 (τ ) = lim
Since
, and therefore the points p 1 (τ ), p 2 (τ ) belong to a common null geodesic, see [1, Corollary 4.14]. the points ϕ(pt 1 , τ ) and ϕ(pt 2 , τ ) are located on the same null geodesic in the Minkowski spacetime, but there is no τ such that ϕ(pt 1 , τ ) and ϕ(pt 2 , τ ) are on the same null geodesic in (X 1+1 , g).
A seminal observation of Penrose and Low [24, 17, 18] is that the space N X of all the unparameterized future directed light rays in (strongly causal) X has a canonical structure of a (possibly non-Hausdorff) contact manifold (see also [22, 14, 3] ). For a globally hyperbolic spacetime the ratio of the contact forms on the space of light rays coming from two Cauchy surfaces equals to the redshift between them [11] . It is reasonable to ask whether given any two pairs of causally unrelated points {x 1 , x 2 } and {y 1 , y 2 } in a causally simple spacetime (X m+1 , g), m > 1 there always exists a continuous map ϕ : S 0 × [0, 1] → X such that ϕ(pt i , 0) = x i , ϕ(pt i , 1) = y i , i = 1, 2 and for all t ∈ [0, 1] the two points ϕ(pt 1 , t) and ϕ(pt 2 , t) do not belong to the same null geodesic. If this statement is true then for a causally simple spacetime (X, g) the Legendrian links (S x 1 , S x 2 ) and (S y 1 , S y 2 ) ⊂ N X formed by skies of two pairs of causally unrelated points are always Legendrian isotopic, with the isotopy given by S ϕ(pt 1 ,t) , S ϕ(pt 2 ,t) , t ∈ [0, 1]. This would show that any two two-component links consisting of skies of two causally unrelated events in a causally simple spacetime are Legendrian isotopic. The class of such a link would be a natural candidate for the unlink. Robert Low [18] introduced the following definition of nonrefocussing spacetimes.
Definition 3.1. A strongly causal spacetime (X, g) is (weakly) refocussing at x ∈ X if there exists a neighborhood V ∋ x satisfying the following property: For every open U with x ∈ U ⊂ V there exists y ∈ U such that all the null-geodesics through y enter U. A spacetime (X, g) is called refocussing if it is refocussing at some x, and it is called nonrefocussing if it is not refocussing at every x ∈ X. A strongly causal spacetime (X, g) is strongly refocussing at x ∈ X if there exists y = x such that all null geodesics through y pass through x. A strongly causal spacetime is strongly refocussing if it is strongly refocussing at some x. Remark 3.2 (Refocussing versus strong refocussing). Clearly every strongly refocussing spacetime is refocussing. At the moment we do not know any example of spacetimes that are refocussing but not strongly so. However Kinlaw [15] and [7, Example 5.6] has constructed examples of spacetimes that are refocussing at some x but not strongly refocussing at x.
The simplest example is the globally hyperbolic Einstein cylinder (S n × (−π, π),
2 ), where g 1 is the standard Riemannian metric on the unit sphere S n ⊂ R n+1 . This spacetime is refocussing but not strongly refocussing at each (x, 0). However it is strictly refocussing at each (x, t), t = 0. Kinlaw's examples can be made null and timelike geodesically complete, however they all are strongly refocussing at some otherx.
Also in his Ph.D. Thesis Levi [16] proved that every refocussing two-dimensional spacetime is strongly refocussing.
Let SKY denote the set of all skies in (X, g) with the following topology. For S x ∈ SKY the topology base at S x is given by
Consider the map µ :
Low [18] observed that if a strongly causal (X m+1 , g) is nonrefocussing, then µ is a homeomorphism (see also Bautista, Ibort, Lafuente [4, 5] for the recent development of Low's work). The proof of this statement of Low is contained in the PhD thesis of Kinlaw [15] . Thus if ρ : [0, 1] → SKY is a continuous path, then there is a continuous path p :
The fact that points q 1 , q 2 ∈ X are on the same null geodesic means exactly that S q 1 ∩ S q 2 = ∅, i.e. that the Legendrian link (S q 1 , S q 2 ) ⊂ N X is singular.
Combining this with Theorem 2.1 we immediately get the following Corollary.
Corollary 3.3. Let (X m+1 , g), m > 1 be a causally simple nonrefocussing spacetime. Let x 1 , x 2 ∈ X be two causally unrelated points, and let y 1 , y 2 ∈ X be two causally related points that do not lie on the same null geodesic, so that the Legendrian link (S y 1 , S y 2 ) ⊂ N X is nonsingular. Then there is no Legendrian isotopy changing the link (S y 1 , S y 2 ) into (S x 1 , S x 2 ) that satisfies the additional restriction that at each moment of the isotopy the corresponding Legendrian link consists of skies of points in (X, g).
This motivates the "Legendrian Low conjecture" for causally simple spacetimes that we formulate below.
Conjecture 3.4. Let (X m+1 , g), m > 1 be a causally simple spacetime that does not admit a metric g ′ such that (X, g ′ ) is refocussing and causally simple. Then the Legendrian links formed by a pair of skies of two causally unrelated events in (X, g) and by a pair of skies of two causally related events in (X, g) (that do not belong to the same null geodesic) are never Legendrian isotopic.
Clearly Corollary 3.3 is saying that a certain weakened version of the above conjecture is indeed true. This conjecture is motivated by the following discussion.
For globally hyperbolic spacetimes the Legendrian links formed by skies of any two pairs of causally unrelated points are Legendrian isotopic, see for example [12, Theorem 8] and [8, Lemma 4.3] . The Legendrian isotopy class of such a link is called the class of the "unlink".
The Low conjecture [17] asked whether it is true that the link formed by skies of two causally related events in (X 2+1 , g) is never topologically isotopic to the unlink, provided that (X 2+1 , g) is globally hyperbolic and its Cauchy surface M 2 is homeomorphic to a disk with holes.
The Legendrian Low conjecture formulated by Natario and Tod [22] asked whether it is true that the Legendrian link formed by skies of two causally related events in (X 3+1 , g) is never Legendrian isotopic to the unlink, provided that (X 3+1 , g) is globally hyperbolic and its Cauchy surface M 3 is homeomorphic to R 3 . Jointly with Nemirovski we proved these conjectures in [8, Theorem A and Theorem B] . In fact we proved that the statement of the Low conjecture remains true whenever the universal cover of the two-dimensional Cauchy surface M 2 of (X 2+1 , g) is not a closed manifold. Our result [9, Theorem 10.4] says that the statement of the Legendrian Low conjecture is true for all globally hyperbolic spacetimes (X m+1 , g), m > 1 provided that the universal cover of its m-dimensional Cauchy surface is not a closed manifold. See also [10, 6] for the generalizations of these results.
If (X m+1 , g) is refocussing, then the universal covering of its Cauchy surface is a closed manifold, see [18, 19] and [12, Proposition 6 and Theorem 14] . Similarly to [9, Example 10.5] one can show that the Legendrian Low conjecture fails for every strongly refocussing globally hyperbolic (X m+1 , g), m > 1. When m = 2, 3 and the universal cover of a Cauchy surface M is a closed manifold, it has to be homeomorphic to the sphere S m . Moreover one can equip the Cauchy surface with the quotient g of the round sphere metric. This is trivial for m = 2, while for m = 3 this is the Poincare conjecture and the Thurston's Elliptization Conjecture proved by Perelman [25, 26, 27] . Clearly the globally hyperbolic spacetime (M × R, g ⊕ −dt
2 ) is strongly refocussing.
Thus we get that causality is equivalent to Legendrian linking of skies for globally hyperbolic spacetimes X m+1 , m = 2, 3 for which one can not put a refocussing metric on X. We think that the same fact is true in higher dimensions, namely: Conjecture 3.5. Given a globally hyperbolic (X m+1 , g), m ≥ 2, causal relation of two points is equivalent to Legendrian linking of their skies, provided that one can not put a globally hyperbolic and refocussing metric on X.
So essentially our Conjecture 3.4 generalizes the above Conjecture 3.5 to the case of causally simple spacetimes.
Below we formulate two more conjectures that, if they are true, should give an approach to solving Conjecture 3.4.
In all known examples of a causally simple spacetime (X, g) it can be conformally embedded into a globally hyperbolic spacetime ( X, g) of the same dimension. So we conjecture that this is always the case. Conjecture 3.6. Let (X, g) be a causally simple spacetime, then it can be conformally embedded as an open subset into some globally hyperbolic ( X, g).
